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o Answer as many questions as you can.
o You may use results proved in class, but make sure to state them clearly.

o Mazximum marks is 40.

1. Let M, (R) denote the space of n x n real matrices equipped with the
operator norm, and GL,(R) the subset of invertible n x n matrices.

(a) Show that GL,(R) is an open subset of M, (R).

(b) Show that the map f : GL,(R) — M,(R),A — A~' is differ-
entiable and compute its derivative Dfy : M,(R) — M,(R) at every
A e GL,(R). (2 4+ 8 = 10 marks)

2. Let M be a smooth manifold and let vy, : [0,1] — M be closed curves
in M. We say that 7y, 7, are homotopic in M if there is a continuous
map o : [0,1] x [0, 1] — M such that o(s,0) = v9(s),0(s,1) = 71(s) for
all s € [0,1], and 0(0,t) = o(1,t) for all ¢ € [0,1]. Suppose there is a
smooth homotopy of closed curves o : [0,1]2 — M between 7, and 7;.

(a) Show that the boundary of the singular 2-cube ¢ is given by do =
Yo — 71-

(b) Hence show that if w is a closed 1-form on M then f,yo w= [ w
(4 + 4 = 8 marks)



3. Let M, N be a smooth manifolds and let H : M x [0,1] — N be
a smooth homotopy between smooth maps f,g : M — N, so that
H(z,0) = f(z) and H(z,1) = g(x) for all x € M. Let P : Cyp(M) —
Cr+1(N) be the associated prism operator, such that for any singular k-
cube ¢ : [0,1]* — M in M, the singular (k+ 1)-cube Pc: [0, 1]t — N
in N is defined by

(POt 2, ) = Hlcln, o mi) 1), (b, mx) € [0,1]F4.

(a) Show that
OPc=(goc— foc)— P(dc)

for all singular k-cubes ¢ in M.

(b) Show that there is a linear map P* : Q*Y(N) — QF(M) from
(k+1) forms on N to k forms on M such that

/ w:/P*w
Pc c

for all singular k-cubes ¢ in M and for all (k + 1) forms w on N.

(c) Suppose that M = N, g = idy;, and f is a constant map. Show
that any closed form on M is exact. (6+6+6 = 18 marks)

4. Let E be a smooth vector bundle of rank £ over a smooth n-manifold M.
Let V be a connection on E and let V denote the induced connection
on the dual bundle E*. Let v : [0,1] — M be a smooth curve, and
let % and % denote covariant differentiation along the curve v for the
bundles £ and E* respectively.

(a) Let s be a section of E along v and let a be a section of E* along
~v. Show that

d Da Ds
Sa60) = S0 +ato) ()

(b) Let P : E,o — FE,q) and P : E o — EZ4) be the parallel
transport maps along 7 for the bundles £/ and E* respectively. Show
that P = (P*)~!. (6+6 = 12 marks)



